Graded artin algebras, rational series, and bounds for homological dimensions  by Zacharia, Dan
JOURNAL OF ALGEBRA 106, 476-483 ( I987 I 
Graded Artin Algebras, Rational Series, and 
Bounds for Homological Dimensions 
DAN ZACHARIA 
Drpurrment of’ Mothemutics, Uniwrsi~~ of’ Wisconxin, Madison, Wisconsin 53706 
Communirured bj, Nuthun Juc~~hson 
Received April 5. 1985 
I. INTR~DUCTWN 
1.1. Nakayama proposed a problem which is equivalent to the 
following conjecture: Let A be a finite dimensional algebra over a field, and 
assume that the dominant dimension of n is infinite, that is, if 
0 --+ A -+ I,, -+I, 4 ... -+I,,-+ .., 
is a minimal injective resolution of A, then all the I,, are projective. Then n 
is selfinjecrive. It is of interest to note that the Nakayama conjecture 
follows in a trivial way from the finitistic dimension conjecture. This one 
says the following: Let n be an artin algebra. Then sup{proj dim M( proj 
dimM<oc$ is finite where M ranges over the finitely generated A- 
modules. The finitistic projective dimension has its origins in the early 
1960s and was formulated from results of Rosenberg and Zelinsky. In this 
paper we study the behavior or certain rational power series associated to 
every graded module over a graded finite dimensional algebra, series which 
are slightly different from the usual Poincare-Betti series. It is interesting to 
note that rationality is enough to enable us to prove that over a graded 
finite dimensional algebra, the linitistic projective dimension is finite over 
the class of finitely generated graded modules whose nonprojective syzygies 
have no projective summands. This implies the Nakayama conjecture for 
graded algebras. (See also Wilson [3].) Also using rationality we find 
bounds for global dimension in terms of graded length and the number of 
nonisomorphic simple modules. Finally let A be an algebra of finite 
representation type having n nonisomorphic indecomposable modules. We 
prove that every composition of more than 2n - 2 nonisomorphisms of A- 
modules is zero. This is done by using the result of Auslander-Reiten which 
states that every nonzero homomorphism which is not an isomorphism is a 
sum of compositions of irreducible morphisms. 
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The algebras we study have the form n = /i, 0 A, @ . +. 0 n k where 
A 0~ n/r, r being the Jacobson radical. All the modules considered are 
finitely generated, graded left n-modules. 
1.2. Let /i=n,@n,@ ... 0 nk be a graded artin algebra where 
A 0 z /i/r and r is the Jacobson radical of /i. Since every projective ,I- 
module is gradable (see [ 11) and since the endomorphism ring of a graded 
module is also graded, we may well assume for our purposes that /1 is 
basic, that is A/r % D, x ‘.. x D,, a product of n division rings. Let gr il 
denote the category of finitely generated graded n-modules where the 
morphisms are zero degree graded homomorphisms. Then, using again 
results from [l] we have for every finitely generated graded A-module M, 
a minimal graded resolution is a minimal resolution as (ungraded) 
n-modules and so, 
pd, ~4 = pd,, n ~4. 
Therefore, it is enough to consider graded projective resolutions. 
1.3. It is well known that gr n is a Grothendieck category. Let us 
list its indecomposable projective objects. In the decomposition A, = D, x 
... x D, let ei= (O,..., 0, 1,O ,..., 0) where 1 is in the ith spot and let Pi= 
Aoei@ ... @Ake, for every i= l,..., n. Also, let Pj=o(j) P’where as in [l] 
a(j) is the jth shift and is defined in the following way: If M = @ Mi is a 
graded /l-module, then a(j) M= @N, where N, = M,-i. Then, the P; are 
all the nonisomorphic indecomposable projective modules of gr A, for all 
i= 1 ,..., n and jEZ. 
1.4. Let M= Mj@ ... 0 M, be a nonzero object of gr /1. Then 
deg M, the degree of M, is the smallest integerj such that Mj # 0. 
If ME gr A, then for every Jo Z, M and o(j) M are isomorphic as 
n-modules. Thus it is enough to assume that M = M0 0 . . * 0 M,, (i.e., M 
has degree zero) when estimating projective dimension. 
Since Hom,,,(Pj, Pt)=eiAi-,e,, we have 
(a) Hom,,.(P& Pt) = 0 if e >j. 
(b) Hom,,,(Pj, PT)=O for every jeZ if i#k. 
(c) If f is a nonzero element of Homgrn(Pi, Pj), then f is an 
isomorphism. 
Using these results we have 
PROPOSITION 1.5. There are no oriented cycles in gr A of the form 
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where the Pi, belong to {Pi 1 i = l,..., II. Jo Z) und ,f; ure nonzero and non- 
isomorphisms. 
2. MAIN RESULTS 
2.1. Now we will associate to each finitely generated graded 
module a rational series: Let ME gr II with nonnegative degree and let 9* 
be a minimal projective graded resolution of M. 
Let U, = &a0( - 1)’ (number of indecomposable summands of degree i 
appearing in :T). 
Note that if /1 is a finite dimensional k-algebra, then, 
ai = C ( - 1)’ dim, Ext:, ,,(M, a(i) A/r). 
/so 
Next we define the series qfM to be 
% 
s(M) = 1 n;X’E Z[ [Xl]. 
i=o 
We note that in the definition of s(M), each ai exists and is finite, since 
the degrees of the modules in the projective resolution P* increase 
according to 1.5. 
We want, however, to be able to compute the series of M independently 
of the finitely generated projective resolution. To that effect we have 
LEMMA 2.2. Let ME gr A 
( 1) .F( M) does not depend on the finitely generated projective resolution 
qf’ M over which the coefficients ai are finite. 
(2) Let 0 + A -+ B --, C---f 0 he a short exact sequence in gr A. Then 
s(B) = s(A) + s(C). 
Proof (1) A finitely generated projective resolution 9 of M is of the 
form P* 0 Q where .cP* is a minimal resolution and Q is a resolution (or a 
sum of resolutions) of zero. 
If 0 -+ P + PO Q -+ Q + 0 is a split exact sequence of projective graded 
modules, then the degrees cancel out, so that by direct computation we get 
s(Q) = 0 and part ( 1) follows. 
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(2) IfO-+A+B-+C-+OisexactingrA,let~Aand9?~betheminimal 
graded projective resolutions of A and C respectively. Then PA @&. is a 
finitely generated projective resolution of B, over which the coefficients bj 
can be computed and are finite. Using the first part we have that 
s(B)=s(A)+s(C). 1 
LEMMA 2.3. For each graded finitely generated module M, s(M) is a 
rational function. 
Proof. This is essentially the result of Wilson [3]. There he proved 
the following: let S, ,..., S,, be a complete set of nonisomorphic simple 
A-modules, and let for i,j= l,..., n 
r,; = 5 c ( - 1)” dim Extk,, “(Si, a(h) S,) X’. 
h=Ok>O 
Then rh are rational and from our definition it follows that s(S,) = 
C;= , rj, for each i. Thus s(S) is a rational function for each simple 
A-module. We proceed next by induction on the Loewy length. If 
A4 E gr A, consider the short exact sequence in gr A: 
O--+rM-+M+M/rM-+O, 
where rh4 is the Jacobson radical of M. 
Using 2.2(2) and the induction hypothesis we have that s(M) = s(rM) + 
s(M/rM), a finite sum of rational functions, and s(M) is rational. 1 
2.4. DEFINITION. Let ME gr A and s(M) be its associated power series. 
Define p(M), the measure of M, to be 
p(M) = degree s(M): 
where by deg s(M) we mean the degree of the numerator “minus” the 
degree of the denominator of the rational function s(M). 
Our next aim is to compare the measure of a (graded) module with its 
projective dimension if the latter is finite. We need a few more results and 
we start with two trivial lemmas which we state without proofs. 
LEMMA 2.5. Let ME gr A and i E Z. Then s(a(i) M) =x’s(M) so p(M) = 
p(o(i) M) - i. 
LEMMA 2.6. Let s,, s2 he two rational functions. Then deg(s, +sz) d 
max{degs,, degs,}. 
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We recall that if M = M, 0 M,, , @ ... @M,Egr/i with M,#O and 
M, # 0 then GL( M) = I - i + 1 is the gruried length of’ M, so if A = A,, @ 
.4,@ ... o/i,, the graded length of 4 is GL(.4)=k+ 1. 
THEOREM 2.7. Let M= IV,,@ ... @ M,E gr A. Then 
,u(M) d GL(M) + maxjp(S) I Ssirnple module qf degree zero). 
Pro@ We proceed by induction on the graded length of M. Clearly 
O@M,@~~~GJM, is a homogeneous submodule of A4 and 
M,@O@O@ ... @O is a semisimple (graded) 4-module of degree zero. 
We have a short exact sequence in gr A: 
O-+O@M,@Mz@ ~~~M,pM+M,,@O@ ‘.. @O-O. 
According to 2.2(2) s(M)=s(O@M,@ ..s)+s(~,,@O@ . ..) SO 
k4Wbmaxjpc(M,OO@ ‘1. OO),p(OOM,$ ... @M,)) 
=max{p(M,@O@ ... OO), p(a(M, OMz@ ... oM,))j- 
=max{p(M,@OO ... go), 1 +p(M, +M,@ ... OM,)). 
Then we proceed by induction. 1 
2.8. DEFINITION. A finitely generated graded module A4 is special if 
(a) pdM< “c, M=M,@ ... OM,. 
(b) If b* is a minimal graded projective resolution of M, 
0 + z9, -+ .2$ , --) . . -+ g, ---t y. -+ M + 0, 
then for each i < n, the ith syzygy O’(M) has no projective summands. 
Let Y be the class of the special 4-modules. We prove that 
sup{ p&41 ME 9’ j < cc. This result will follow from the next proposition. 
PROPOSITION 2.9. Let M be a special (graded) module. Then 
pdM+GL(M)-GL(A)dp(M). 
Proof: Let M = M, 0 . . . 0 M,,. Let N be the maximum of the degrees 
of the summands of .Pn’,, where 
o-+9*-+,q~p,,~, + “. -9, -gob-Iv-to 
is a minimal projective resolution of M. 
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Since for each i<m, Q’ has no projective summands, none of the 
6, fl ?..., P’,-, contains a summand of degree >N (use 1.4). Since s(M) is 
a polynomial we have N = p(M). Again from 1.4 we obtain N>, m =pdM. 
So, if GL(M) <GL(A) we are done. If GL(M) > GL(A) part of MjrM 
must be in a Mi with GL(M) - i < GL(A). This means that Y0 has a 
summand of degree at least GL( M) - GL(A). Since M is special, 9, has a 
summand of degree at least GL( M) - GL(A ) f 1, and by induction Pm 
must have a summand whose degree is at least GL(M) - GL(A) + m. We 
have thus 
N=p(M)>GL(M)-GL(A)+pdM. 1 
COROLLARY. Let M he a special module, M = M0 Q . . . 0 M,, . Then 
pdM d GL( A ) + Max { p(S) ( simple module of degree zero f . 
We can apply this corollary to obtain a proof of the Nakayama conjec- 
ture for graded algebras. A proof using different methods can be found in 
r31. 
2.10. THEOREM. Let A = A,@ . . . @ Ak be a graded artin algebra. Let 
o~A+z,(A)~z,(A)+ ... -+Z,,(A)+ ... 
be a minimal injective resolution of A viewed as a module over itself, and 
assume that for every n > 0, I,,( A) is projectiveeinjective. Then A is selfinjec- 
rive. 
Proof: It is clear we may assume we are dealing with a graded 
resolution. Assume there exists an indecomposable projective A-module P 
which is not injective. Then in the minimal injective (graded) resolution 
of P, 
O+P+Z,(P)+Z,(P)-, ... +Z,,(P)+Z,,+,(P)-+ ..’ 
all the Zi(P) are (nonzero) projective-injective. Thus, by taking shifts we 
obtain that each o(i)(Q-“P) is special of projective dimension n which 
contradicts the corollary to 2.9. 1 
2.11. We would like to end this paper with some remarks. As usual 
A is a positively graded basic artin algebra. Let ME gr A be a special 
module as defined in 2.8. Then clearly p(M) >pdM. Let us consider the 
following condition: 
(*) For every ME gr A of finite projective dimension, there exists a 
special module N such that pdN = pdM. 
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Recall that the tinitistic projective dimension (FPD) of a ring R denoted 
FPD(R), is sup{ pdM< cc, M~mod R}. As an immediate consequence of 
our results we have 
THEOREM 2.12. Let A he u positively graded artin algebra sati.Ff:l>ing con- 
dition (*). Then the fkitistic projective dimension ,for graded A-modules is 
finite. 
The next result will show that for a graded artin algebra having a fixed 
number of nonisomorphic simple modules, and a fixed graded length, the 
global dimension, if finite, cannot be too large. This may not deliriously 
surprise us, however, there are no known bounds for the general case. A 
similar bound for the so-called zero-relations algebras was obtained in [2]. 
THEOREM 2.13. Let n, r be two positive integers and let 4,. ~ be the class 
qf positively graded artin algebras having n uonisomorphic simple modules 
and graded length r, satkfying the (*) condition. Assume A E .$,. I. Then 
either gl dim A = a or gl dim A < nr. 
Proof: Assume gl dim A < xi for a A E G$, ~. Let C be the extended Car- 
tan matrix of the graded projective A-modules (see [3]). Its entries are 
polynomials and the largest degree is dr. The inverse of this Cartan matrix 
has again polynomial entries and by looking at the n - 1 x n - 1 minors of 
C we see that the largest degree in C’ is at most (n - 1) r.- Thus ,n(s) < 
(n- 1) r for every simple module, so ,u(M) 6 (n - 1) r + r =nr for every 
graded module. Since A satisfies (*), it is enough to pick a special 
module M such that pdM = gl dim A and we are done. 1 
Recall that if A is a finite dimensional algebra over an algebraically 
closed field, A is said to be of finite representation type if there are finitely 
many nonisomorphic indecomposable A-modules. Auslander has shown 
that there is a one-to-one correspondence between such algebras and finite 
dimensional algebras having global dimension at most 2 and dominant 
dimension at least two, the latter being called Auslander algebras (for 
definitions and properties see [4]). Igusa and Todorov have shown in [S] 
that if A has n nonisomorphic indecomposable modules, then every com- 
position of more than 4n - 1 irreducible maps is zero. We can sharpen this 
bound using Auslander’s correspondence and some of the results of this 
section: 
THEOREM 2.14. Let A be a finite dimensional algebra over an 
algebraically closed field. Assume A is of finite representation type, and let 
M, , Mz ,.,., M, be representatives of the isomorphism classes of the indecom- 
posable A-modules. Let r= End,(M,@ ... @M,)OP be the associated 
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Auslander algebra. Then any composition of more than 2n - 2 irreducible 
maps between A-modules is zero, or equivalently the Loewy length (LL) of r 
is bounded by 2n - 1. 
Proof. We show that LL(T) < 2n - 1. We note that n is the number of 
nonisomorphic simple f-modules. Using the fact that the associated graded 
algebra of r, G( ZJ = r/r @r/r’ 0 . . . , is also an Auslander algebra [S], it 
is clear that we may assume that r is graded, since f and G(T) have the 
same Loewy length and the same number of nonisomorphic simple 
modules. 
Now, the minimal projective resolutions of the simple r modules can be 
read from the almost split sequences in mod /1, more precisely since we 
reduced the problem to the case r= G(T), r is given by the Auslander- 
Reiten quiver of /1, the relations being the “mesh relations” of the almost 
split sequences. It follows trivially that p(S) =pdS for every simple f- 
module S. As in the proof of 2.13 we look at the extended Cartan matrix of 
r and this time at the n - 1 x n - 1 minors of its inverse. Thus LL(T) 6 
2(n-l)+l since maxp(S)<2. 1 
Todorov pointed out that the bound in Theorem 2.14 is sharp. This can 
be easily seen by looking at n = K[x]/x” for a field K, which has n non- 
isomorphic indecomposable modules. We have a chain of n - 1 irreducible 
epimorphisms: A -+ /l/r”-’ -+ A/r”-* --t +.. + n/r and a chain of n - 1 
irreducible monomorphisms /i/r -+ n/r* -+ ... + /i. The composition of 
these chains is not zero. 
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